In the present paper, we investigated mathematical model of the magneto hydrodynamic flow and heat transfer in an electro-conductive polymer on the external surface of a sphere under radial magnetic field is presented. Thermal and velocity (hydrodynamic) slip are considered at the sphere surface via. modified boundary conditions. The non-dimensional, transformed boundary layer equations for momentum and energy are solved with the second order accurate implicit Keller box finite difference method under appropriate boundary conditions. Validation of the numerical solutions is achieved via benchmarking with earlier published results. The influence of Weissenberg number, magnetic body force parameter, thermal slip parameter, hydrodynamic slip parameter, stream wise variable and Prandtl number on thermo fluid characteristics are studied graphically and via tables. A weak elevation in temperature accompanies increasing Weissenberg number whereas a significant acceleration in the flow is computed near the sphere surface with increasing Weissenberg number. Increasing thermal slip strongly decreases skin friction and Nusselt number. Skin friction is also depressed with increasing magnetic body force parameter.
Introduction
Magnetohydrodynamic has found ever-increasing applications in modern smart technologies.
The application of magnetic fields (static or alternating) has been shown to manipulate successfully the material characteristics of electro-conductive polymers which are finding new applications in aerospace, offshore and naval industries. Interesting studies in this regard addressing various systems employing magnetic polymers include environmental engineering [1] , thin film fabrication processes [2] and design of shock dissipation systems with magnetic elastomers [3] . Coating applications and energy systems enhancement with smart magnetic polymers have also grown substantially in recent years. Relevant technologies in this regard are nuclear engineering [4] , medical engineering exploiting stimuli-based polymers [5] and hydromagnetic energy generation [6] . In the context of coating applications, it is critical to regulate heat transfer conditions which lead to improved bonding and homogeneity in engineered polymeric surfaces. Many studies have therefore examined the transport phenomena (i.e. coupled heat and momentum transfer) from different geometrical shapes including cones, pipes, disks and truncated bodies and spheres. The spherical geometry is particularly relevant to chemical engineering processes. Investigators have applied a variety of different material models for the coatings and also numerical methods to solve the associated boundary value problems. Bé g et al. [7] used the Homotopy analysis method (HAM) to analyze flow from a sphere in a porous medium. Musong and Feng [8] used an immersed boundary method algorithm to simulate the mixed thermal convection from a heated sphere for an arbitrary flow incident angle over a range of Reynolds numbers and Richardson numbers considering both aiding and cross flow and opposed flow. Juncu [9] utilized a splitting finite difference code to study computationally the transient, dissipative conjugate, forced convection heat transfer from a sphere to a surrounding fluid flow, considering the influence of Brinkman and Peclet numbers on heat transfer rates.
The above studies were confined to Newtonian fluids. However, generally polymers are known to exhibit non-Newtonian characteristics. Engineers have developed a variety of constitutive models to analyze the shear stress-strain characteristics of these fluids, including viscoplastic, viscoelastic, micro-structural and power-law models. Both purely fluid flow and heat transfer from a sphere to non-Newtonian fluids have been reported in a number of theoretical investigations. Verma [10] presented analytical solutions for viscoelastic boundary layer flow of revolution (sphere), noting that there is a displacement in the point of separation of the boundary layer with increasing elasticity effect. Cheng [11] investigated free convection heat and mass transfer from a sphere in micropolar fluids with isosolutal and isothermal boundary conditions. Amanulla et al. [12] investigated slip effects on Casson Nano fluid flow from an isothermal sphere. They analyzed the behavior of a fluid on velocity and temperature distributions when thermal and velocity slips are considered. Dasman et al. [13] employed the Walters-B NonNewtonian model to study free and forced convection flow from a sphere. Dasman [14] considered heat transfer in external boundary layer flows from a sphere for a variety of viscoelastic fluids. Bhatnagar [15] presented analytical solutions for thermal convection in elastic-viscous flow from a spinning, insulated sphere, correlating his findings with experiments on polysiloxane, and observing that the secondary flow breaks down into two regimes wherein heat convection dominates dissipation effects due to viscoelasticity of the polymer. These studies however did not consider the Williamson model. This is a shear-thinning non-Newtonian model which quite accurately simulates polymer viscoelastic flows over a wide spectrum of shear rates.
In Williamson fluids the viscosity is reduced with rising shear stress rates. This model has found some popularity in engineering simulations. Maboob et al. [16] Further studies of transport phenomena in Williamson fluids include Rao and Rao [19] and Dapra and Scarpi [20] .
In the present investigation, admitted the Magneto hydrodynamic convection boundary layer flow of a Williamson polymeric fluid external to a stationary solid sphere with multiple slip effects. Magnetic fields have been found to profoundly influence heat transfer and velocity characteristics in curved body flows. Relevant examples include Bé g et al. [21] (for cylindrical geometries), Alkasasbeh et al. [22] who addressed radiative effects also, Amanulla et al. [23] who considered partial slip effects and Kasim et al. [24] who used a viscoelastic model. Slip effects have been shown to be prominent in certain polymeric flow processes. Momentum (hydrodynamic) slip relates to the non-adherence of the polymer to a solid boundary and arises in polymer melts, emulsions, petro-chemical suspensions and also foams [25] [26] [27] [28] [29] [30] [31] [32] [33] . The presence of momentum slip invalidates the classical "no-slip" boundary condition. Thermal slip may also arise in heat transfer problems and can also significantly modify both velocity and temperature characteristics both at the solid surface and deeper into the boundary layer. Several researchers have examined multi-physical flows with velocity and/or thermal slip effects including Jamil and Khan [34] , Tripathi et al. [35] (for viscoelastic fluids), Bé g et al. [36] for Magnetohydrodynamic heat and mass transfer and Devi and Devi [37] for swirling disk hydromagnetic flows with cross diffusion. Amanulla et al. [37] 
Mathematical Model
The regime under investigation is illustrated in Fig. 1 . Steady, incompressible hydromagnetic Williamson non-Newtonian boundary layer flow and heat transfer from a spherical body under radial magnetic field is considered. 
Here p is the pressure, I is the identity vector,  is the extra stress tensor, 0 ,   are the limiting viscosities at zero and at infinite shear rate,  is the time constant (>0), 1 A is the first Rivlin-Erickson tensor and γ is defined as follows:
Here considered the case for which 0   = and Γ 1.   Thus eq. (4) can be written as:
By using binomial expansion, we get:
The two-dimensional mass, momentum and energy boundary layer equations governing the flow in an (x,y) coordinate system may be shown to take the form:
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The boundary conditions for the considered flow with velocity and thermal slip are:
Here 0 N is the velocity slip factor, 0 K is the thermal slip factor and T  is the free stream temperature. , and therefore, the continuity equation is automatically satisfied. In order to write the governing equations and the boundary conditions in dimensionless form, the following non-dimensional quantities are introduced:
The emerging momentum and heat (energy) conservation equations in dimensionless from assume the following form:
(1 cot ) Pr
The transformed dimensionless boundary conditions are reduced to:
The skin-friction coefficient (sphere surface shear stress) and the local Nusselt number (sphere surface heat transfer rate) can be defined, respectively, using the transformations described above with the following expressions:
All parameters are defined in the nomenclature.
Computational Solution with Keller Box Implicit Method
The transformed, nonlinear, multi-physical boundary value problem defined by Eqns. (14)- (16) can be solved via. a number of numerical schemes. Here we implement a popular, second order accurate implicit finite difference method originally developed by Keller [39] . Recent studies featuring this method in the context of magnetohydrodynamic and rheological flows include Sajid et al. [40] who studied ferrofluid flows in curved conduits, Amanulla et al. [41] who investigated hydromagnetic non-Newtonian convection from a cone and convective Williamson boundary layer flows by Amanulla et al. [42] . In the Keller box scheme, the multidegree, multi-order coupled partial differential equations defined in (14) and (15) are first reduced to a system of first order equations. These equations are then discretized with the finite difference approximations with appropriate step lengths in each coordinate direction. Introducing the new variables:
Eqns. (14)- (15) reduce then to the form:
where primes denote differentiation with respect to  . In terms of the dependent variables, the boundary conditions (16) become:
A two-dimensional computational mesh (grid) is imposed on the -η plane as shown in ( )
The finite-difference approximation of equations. (20) - (24) for the mid-point ( ) 1/2 , n j  − assume the form given below: 
Here the following abbreviations apply:
The boundary conditions take the form:
The emerging non-linear system of algebraic equations is linearized by means of Newton's 
Validation of Keller Box Solutions
The present Keller box solutions have been validated for the special case of non-magnetic (M=0) Newtonian flow (We =0) in the absence of thermal and partial slip (Sf=ST=0). This case was considered earlier by Molla et al. [43] . Furthermore, when viscous dissipation and temperature-dependent properties are ignored in the model of Haque et al. [44] in addition to prescribing M=We=Sf=ST=0 in the present model, it is also possible to make a comparison as the momentum equation and boundary conditions assume the following reduced form: The energy equation (15) is identical to that considered in Molla et al. [43] and Haque et al. [44] . The comparison of solutions is documented in Table 1 . Excellent correlation is achieved and confidence in the present solutions is therefore justifiably high. 
Results and Discussion
Extensive computations have been conducted using the Keller box code to study the influence of the key thermo-physical parameters on velocity, temperature, skin friction and . Weissenberg number (We) measures the relative effects of viscosity to elasticity. Weissenberg number is zero corresponds to a purely Newtonian fluid, and infinite Weissenberg number corresponds to a purely elastic solid. Intermediate values correlate quite well with actual polymeric viscoelastic properties. With increasing We, there is a general increase through the boundary layer in velocity magnitudes. The boundary layer flow is therefore accelerated as viscous effects are depleted since resistance to the flow is reduced. The momentum boundary layer is therefore depleted with greater Weissenberg number. We note that in fig. 3a the magnetic body force parameter, M, is set at unity implying that the Lorentzian magnetic drag and viscous hydrodynamic force are of the same magnitude. Fig. 3b shows that a consistent elevation is computed in temperature of the 792 viscoelastic fluid with greater values of Weissenberg number, We. The acceleration in the flow aids in momentum development which also assists in thermal diffusion, leading to heating of the boundary layer. Thermal boundary layer thickness is therefore enhanced with increasing We values i.e. decreasing viscosity and increasing elastic effects. Effectively therefore Newtonian fluids (We =0) achieve lower velocities and temperatures than Williamson fluids. Similar trends have been reported by Hayat et al. [45] and Khan and Khan [17] . . 5a ). However, with progressive penetration into the boundary layer, this effect is reversed (as expected) and the flow is decelerated with greater momentum slip further from the sphere surface. The velocity slip effect is strongest at the sphere surface ( = 0). A similar observation has been made by Yarin and Graham [25] and also by Jamil and Khan [34] . The momentum slip effect is prominent and substantially modifies the velocity growth structure. Temperature is conversely reduced consistently throughout the boundary layer with greater momentum slip. The viscoelastic polymer is therefore cooled with wall momentum slip and this reduces thermal boundary layer thickness. The implication is therefore that with an absence of velocity slip in mathematical models, temperature is over-predicted (the maximum value corresponds to Sf =0). It is therefore important in more realistic simulations of polymer coating dynamics to incorporate wall slip effects. . 6b) . However, this effect weakens considerably with further distance from the sphere surface and is effectively eliminated before reaching the free stream.
Temperature profiles decay from a maximum at the sphere surface to the free stream. All profiles converge at a large value of transverse coordinate, again showing that a sufficiently large infinity boundary condition has been utilized in the numerical computations. Again the absence of thermal slip achieves higher temperatures indicating that without this modification in the thermal boundary condition at the wall (sphere surface) the temperature is over-predicted, which can be critical to heat treatment of polymeric coatings [47] .
Figs. 7a-b present the evolution in velocity and temperature functions with a variation in magnetic body force parameter (M). The radial magnetic field generates a transverse retarding body force. This decelerates the boundary layer flow and velocities are therefore reduced as observed in fig. 7a . The momentum development in the viscoelastic coating can therefore be controlled using a radial magnetic field. The effect is prominent throughout the boundary layer from the sphere surface to the free stream. Momentum (hydrodynamic) boundary layer thickness is therefore increased with greater magnetic field. Fig. 7b shows that the temperature is strongly enhanced with greater magnetic parameter. The excess work expended in dragging the polymer against the action of the magnetic field is dissipated as thermal energy (heat). This energizes the boundary layer and increases thermal boundary layer thickness. Again the influence of magnetic field is sustained throughout the entire boundary layer domain. These results concur with other investigations of magnetic non-Newtonian heat transfer including Kasim et al. [24] . 
